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Since  the  coherent  states  for  the  harmonic  oscillator  have  been  con¬ 
structed  first  by  Schrodinger , ^  they  have  been  widely  used  to  describe 
many  fields  of  physics.  ^  ^  Recently  Nieto  and  Simons  have  constructed 
coherent  states  for  particles  in  general  potentials6^  and  have  applied 
their  formalism  to  confining  one  dimensional  systems.7^  harmonic  oscillator 
with  centripetal  barrier  and  the  symmetric  Poschl-Tel ler  potential,  and 
also  to  nonconfining  one  dimensional  systems  '  with  the  symmetric  Rosen- 

Morse  potential  and  the  Morse  potential.  For  the  time-dependent  systems 

91 

Lewis  and  Riesenfeld  have  investigated  the  harmonic  oscillator  with  time- 
dependent  frequency  w(t).  Hartley  and  Ray10^  has  obtained  exact  coherent 
states  for  this  time-dependent  harmonic  oscillator  on  the  basis  of  Lewis 
and  Riesenfeld  theory.  Hartley-Ray  results  satisfy  most,  but  not  all,  of 
the  properties  of  the  coherent  states.  In  the  case  of  a  quantum  mechanical 
model  of  a  damped  forced  harmonic  oscillator,  Dodonov  and  Man'ko1*)  have 
introduced  the  Caldirola-Kanai  Hamiltonian*^  with  an  external  force  term 
and  constructed  integrals  of  motion  of  this  Hamiltonian,  eigenstates  and 
coherent  states.  The  main  flaw  of  the  Dodonov-Man’ko  result  is  its  un¬ 
certainty  relation  Ap*Ax  >  e  Tth/2  in  which  the  uncertainty  vanishes  as 

t  ■*  m  .  This  contradiction  is  critically  reviewed  by  Greenberger*^ ,  and 

141 

Cervero  and  Villarroel.  '  Greenberger  introduced  the  variable  mass:  m  * 

7 1 

i%e  and  removed  the  violation  of  uncertainty. 

In  this  paper  we  construct  exact  coherent  states  for  the  damped 
harmonic  oscillator  described  by  the  Caldirola-Kanai  Hamiltonian 


v  -7t  p*  7 1  1  i 

X  =  e  ^  *  e  7  m  w« 


-1- 


Ke  first  define  .creation  operator  a  and  annihilation  operator  a  and  using 

r  ' 

these  operators  we  will  derive  the  representations  of  coherent  states  and 
investigate  whether  our  coherent  states  satisfy  the  following  properties 
of  coherent  states:  (1)  They  are  eigenstates  of  annihilation  operator. 

(2)  They  are  created  from  the  vacuum  or  the  ground  states  by  an  unitary 
operator.  (3)  They  represent  the  minimum  uncertainty  states.  (4) 

"They  are  not  orthogonal  but  complete  and  normalized. 

In  the  preceeding  paper ^  (hereafter  referred  to  as  paper  I)  we  have 
developed  the  quantum  theory  of  the  damped  driven  harmonic  oscillator  with 
the  Caldi rola-Kanai  Hamiltonian  with  an  external  driving  force  f(t)  by  path 
integral  method.  In  paper  I,  setting  f(t)  =  0,  the  Hamiltonian  is  reduced 
to  Eq.  (1)  and  all  other  results  become  those  corresponding  to  the  Hamilto¬ 
nian  (Eq . ( 1 ) ) ,  and  the  lagrangian,  mechanical  energy  and  propagator  are 
given  by 
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sincj  t 


with  «=(<*£-  7i/4)is.  Here,  the  energy  expression  in  Eq.  (3)  is  not 
equal  to  the  Hamiltonian  itself.  With  the  help  of  Eq.  (4)  and.  the  wave 
function  of  simple  harmonic  osci 1 lator^ we  obtain  the  wave  function  of  the 
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damped  harmonic  oscillator: 


where 
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The  quantum  mechanical  expectation  values  of  mechanical  energy  E(Eq. 
(3))  take  the  form 


by- 
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The  evaluation  of  Eq.  (7)  gives  the  non-zero  matrix  elements  which  occur 
only  in  the  principal  diagonal  and  the  two  second  off-diagonals: 
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where 


S3 


Chainging  n  into  (n-1)  and  (n-2)  respectively  in  Eqs.  (12)  and  (11)  we  can 
obtain  the  uncertainty  relations  in  (n-1,  n)  and  (n-2,n)  states. 

iL 

Before  we  construct  annihilation  operator  a  and  creation  operator  a  , 

*  T&*x. 

we  give  the  properties  of  the  coherent  states.  The  coherent  states  can  be 
defined  by  the  eigenstates  of  the  nonhermitian  operator  a, 


ala  >  =  a  |a  > 


Using  the  completeness  relation  for  the  number  representations,  we  can 
expand  |a  >  as 
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-Ijlal1 
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where  l  0  >  is  the  vacuum  or  ground  state  and  is  independent  of  n.  The 
calculation  of  <  0 | a  >  in  Eq.  (16)  gives 


<t\.>,  e-w°' 


Since  Eq.  (17)  has  nonzero  value  for  a  *fi,  the  states  are  not  orthogonal, 
but  when  la  -  01*  -*  °°,  the  states  become  orthogonal. 

The  eigenvalue  a  of  coherent  states  are  complex  nurabe/  u  ♦  iv,  and 
thus  the  completeness  relation  of  coherent  states  is  written  asj 


|a  >  <  a  =  1  . 
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where  1  is  the  identity  operator  and  d’a  is  given  by  d(Reu)d(Imv) . 

To  define  a  and  a  for  the  damped  harmonic  oscillator  we  make  use  of 

Eq.  (S)  for  <  x  >  and  <  p  >  : 
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n(t)  =  vTih  ^  exp (i  cot"1  ♦  cotut)) , 


(22) 


and  we  have  the  relation 


rut*  -  n*P  =2i  Im  {  ^  (ReA)**5  \/T  i  h  ^  }  *  i  h 


Therefore,  we  define  annihilation  operator  a  and  creation  operator  a  for 


the  damped  harmonic  oscillator  as  fol lewc 


a  =  tc  (’l*  -  ^P)i 
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A&.  + 

expressions  of  x  and  p  by  a  and  a  are 


x  =  M  a  ♦  fta  , 


p  =  v  a  ♦  na 


Since  r?  is  not  equal  to  n  in  Eqs.  (21)  -  (22),  we  can  easily  conform  that 
a  and  a*  are  not  hermitian  operators,  but  the  following  relations  are  pre¬ 


served; 


(  x,p  ]  =  ih 


(  a, a  )  *  1  . 


Now  we  evaluate  the  transformation  function  <  x|<*  >  from  coherent 
states  to  the  coordinate  representation  |x  >  .  From  Eqs.  (15)  and  (24) 


e  have 


(*»*'  -  H  j  jjr)  <x'|a>*  iha<x'|a> 


(30) 


For  convenience  we  change  the  variable  x'  into  x  and  solve  this  differential 
equation,  we  gat 


<x|a>=  N  exp{^-  ax-  (2  i  h  M  )*'  *?  xJ  }  , 


(31) 


where  N  is  the  integral  constant.  Taking  N  to  satisfy  Ey.  (18),  we  obt-ain 

& 

the  eigenvectors  of^operator  a  given  in  the  coordinate  representation 


lx  >  : 


<  x|a  >  =  (2n  mm*)  exp{- 
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27Fm  X 
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Next  we  show  that  a  coherent  state  represents  a  minimum  uncertainty 
state.  Kith  the  help  of  the  relations  between  a,  a*,  x  and  p  we  evaluate 
the  expectation  values  of  x,  p,  x’  and  p1  in  state  |a  >  : 


<  x  >  *  <  ol/i*a  ♦  Ma*la  >  ■  m *®  *  Mo*, 


<  p  >  =  <  al»j*a  ♦  i?a*l©  >  *  »?*«  *  »?a*, 

(33) 

<  X*  >  =  M*1®*  *  M^*(l  ♦  2aa*)  ♦  m’o*1  ,  j 

i 

<  pl  >  =  T}*JaJ  +  nn*(l  ♦  2ao*)  ♦  rj’a*’  . 


From  Eq.  (33)  we  have 


(Ax)1  =  <  x1  >  -  <  x  >J  =  nn* ,  (34) 

(Ap)1  =  <  ps  >  -  <  p  >’  =  rjtj*,  (35) 


and  thus  the  uncertainty  relation  becomes 

(Ax)(Ap)  =  {ItjI’IpI’}55  =  i  0  (t).  (36) 

Eq.  (36)  is  the  minimum  uncertainty  corresponding  to  Eq.  (13)  in  (0,0) 
state. 

All  of  the  formulas,  we  have  derived,  are  reduced  to  those  of  simple 
harmonic  oscillator  when  7=0.  The  propagator  (Eq._(4))  has  very  similar 
form  to  those  of  Cheng1^  and  others,17^  but  the  wave  function  (Eq.  (5)) 
is  of  new  form. 

We  should  note  that  the  same  classical  equation  of  motion  can  be 

obtained  from  many  different  actions;and  thus  one  nay  have  many  different 

propagators  corresponding  to  the  actions.-  Therefore  it  is  very  important 

to  get  the  correct  propagator.  The  mechanical  energy  (Eq.  (3))  is  not 

identical  to  the  Hamiltonian  operator  (Eq.  (1)).  Bwr<fw  we  assume  that 

this  Hamiltonian  represents  the  quantum  mechanical  dissipative  system. 

F  LbUNkA 

Firg.  1  and  2  illustrate  the  decay  of  the  energy  expectation  value  and 
the  uncertainty  relation  as  a  function  of  j/u  in  (n,  n)  state.  At-  thowgh 
we  have  shown  only  the  principal  diagonal  element,  i.e.,  <  E  of  the 

energy  expectation  values,  there  are  four  off-diagonals  adjacent  to  the 
principal  diagonal,  which  are  involved  in  the  exponential  decaying  term 


» 

S 


e  *  .  <  E  >  approaches  the  constant  value  as  -  ■*  0.  The  uncer- 

.  nn  rr  w 

■uta 

tainty  for^(n,  n)  state  with  period  »  (Eq.  (13))  is  reduced  to  that  of 
the  harmonic  oscillator  at  0*  and  180*. 

From  all  of  the  above  we  conclude  that  the  coherent  states  for  the 
damped  harmonic  oscillator^  with  the  Caldirola-Kanai  Himiltonian  we  have 
constructed,  satisfy  the  properties  of  coherent  states  (l)-(4). 
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Figure  Caption 


Fig.  1.  Energy  expectation  value  for  (n,  n)  state  as  a  function  of  ut 

Ik 

at  the  various  value  of  y/w.  As  7/w  tends  to  zero, ^energy 
approaches  fk  the  constant  values. 


Fig.  2.  Uncertainty  relation  for^(n,  n)  state  versus  ut  at  tfHk  various 
values  of  y/w  . 
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